
Fuzzy Transitions from Quantum to Classical Mechanics 
and New Phenomena of Mesoscopic Objects* ** 
J. P. Hsu 
Department of Physics, University of Massachusetts Dartmouth, North Dartmouth, 
Massachusetts 02747, USA 

Z. Naturforsch. 52a, 25-30 (1997); received November 11, 1995 

A new "phase invariant" equation of motion for both microscopic and macroscopic objects is 
proposed. It reduces to the probabilistic wave equation for small masses and the deterministic 
classical equation for large masses. The motions of mesoscopic objects and fuzzy transitions between 
quantum and classical mechanics are discussed on the basis of the generalized equation. Experimen-
tal tests of new predictions are discussed. 

1. Introduction 

We know that microscopic objects are described by 
the Schroedinger equat ion 

ihdtF/dt = [(-ihV)2/2m + V] f (1) 

and are characterized by a probabil is t ic behavior, 
while the macroscopic objects obey the deterministic 
Newtonian equa t ion of mot ion 

F = m a (2) 

or, equivalently, the Hami l ton-Jacobi equa t ion 

— dS/dt = (V S)2/2m + V. (3) 

We stress that the mass ra ther than the size of an 
object appears in the basic equat ion. It appears rea-
sonable to assume that the determinist ic behavior r (t) 
is necessary to guarantee the macroscopic definiteness 
of the appara tus and to formula te the quan tum-me-
chanical concepts precisely. In this sense, bo th the 
probabilistic behavior f (r, t) and the deterministic 
behavior r (t) should be present in a complete theory 
for the physical world in general. This view has been 
discussed in the l i terature [1, 2]. 

To explore this viewpoint fur ther , one may ask: 
W h a t is the behavior of the physical objects which are 
neither microscopic nor macroscopic? In other words, 
what is the basic equat ion of mot ion for "mesoscopic 
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objects"? Is there a gradual t ransi t ion f rom q u a n t u m 
to classical mechanics? These problems are discussed 
on the basis of local gauge (or phase) symmetry. F o r 
a particle with an arbi t rary mass m, we write the wave 
function in the form 

f e x p [i / S(r, r)], / = c o n s t a n t , 

where S is to be related to the classical energy Ec and 
m o m e n t u m p c , e.g., p c = \ S, so that the particle has 
the probabilistic behavior for small m and the deter-
ministic behavior for large m. In this sense, we have 
bo th *F (r, t) and r (t) in the theory. To accomplish this, 
the quant i ty / should depend on the mass m. 

F o r definiteness, we shall assume a new mass scale 
M which characterizes the masses of mesoscopic ob-
jects, so that m/M 1 and m/M > 1 denote respec-
tively microscopic and macroscopic objects [3]. The 
value of M has to be determined by experiments in the 
future. But we can estimate its upper limit based on 
phenomena related to the Brownian mot ion of very 
small uniform latex particles (which are much smaller 
than pollens): 

1 0 _ 2 5 k g < M < 1 0 " 1 9 k g , (4) 

where the lower limit is est imated f rom molecular 
motions. We may remark that the mass scale M does 
not exist in the convent ional q u a n t u m mechanics. 
However, if Klauder ' s cont inuous representat ion in 
Hilbert space is used in q u a n t u m mechanics, it na tu-
rally allows a length scale which can be related to the 
new mass scale M [4, 5]. 

N o w let us consider the microscopic relation 

p x - xp= —ih, p = px. (5) 
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F r o m a physical viewpoint, the existence of the 
macroscopic limit, 

p x — x p = 0 , (6) 

of (5) should be related to the physical limit m/M -*• 0 
ra ther than the "mathemat ica l limit" h -*• 0, because 
the mass m of a particle can be varied experimentally 
while h is a fixed constant of nature and cannot be 
changed in experiments. This observat ion enables us 
to discuss gradual transition f rom q u a n t u m to classical 
mechanics and fuzzy behavior of mesoscopic objects. 
These discussions are not possible within the frame-
work of convent ional q u a n t u m mechanics. 

2. The Generalized Equation of Motion 
for Microscopic and Macroscopic Objects 

The relations (5) and (6) and the fact that the quan-
tum m o m e n t u m pQ differs f rom the classical momen-
tum p c = m v or V S suggest that the true momentum 
for all masses should be a linear combinat ion of them 

[3]: 

P T = 0 P Q + C P C = - i h Q \ + C \ S , 

such that it reduces to the proper limits, 

P I = 
P Q ' 

P c 

0 , 

oo . 

(7) 

(8) 

Thus, Q and C may be termed respectively the quan-
tum fraction and the classical fraction, and they must 
be funct ions of the dimensionless parameter m/M. The 
limiting results in (8) natural ly suggest that physical 
meaning of Q and C: Namely, when we observe the 
behavior of an object with an arbi t rary mass m, we 
postulate to interpret that 

(a) Q is the probabil i ty of finding that it behaves like 
a q u a n t u m particle, 

(b) C = 1 — Q is the probabil i ty of finding that it be-
haves like a classical particle. 

For definiteness of discussions, let us assume that 
the q u a n t u m fraction Q and the classical fraction C 
are given by 

Q = exp(— m/M), C=l-Q, (9) 

which has the desirable limiting properties for small 
and large masses. This is essentially just a simple ex-
ample. Of course, there are other possibilities for the 
mass dependences of Q and C. If the q u a n t u m fraction 

Q has the exponential form (9), the mass range for the 
mesoscopic objects is very narrow: M/20 < m < 20 M. 
The functional dependence can only be determined by 
experiments in the future. 

Similar to the t rue m o m e n t u m in (7), the true 
"energy" for an arb i t rary mass m should take the 
form 

Et = QEq + CEC = Q(ihd/dt) + C(-dSßt). (10) 

Based on (7) and (10), we postula te a generalized equa-
tion of mot ion for a physical object having an arbi-
trary mass m and moving in a potential V: 

Et<P = [Pr/(2 mQ) + V Q]<P, (11) 

where 

Et = ihQd/dt + CEC, 
EC = -dS/dt = Pc/2m + V, 

p T = -ihQV + c p c 

p c = V 5 . 

S is Hamil ton 's principal function. The reason that the 
new equat ion (11) involves mQ and V Q ra ther than 
just the usual m and V is due to the fact tha t the terms 
involving EQ and pQ are associated with the q u a n t u m 
fraction Q, as one can see in (7) and (10). This is 
necessary for the new equat ion (11) to be consistent 
with the Schroedinger equat ion (see (13) below). We 
may remark that the relativistic generalization of (11) 
is s t raightforward [3]. 

When the potential V does not involve t ime explic-
itly, we can write the solution <P in the form 

0= y <pc = «Pexp [-iCS/Qh], 

S = -Ect+ } Pc(r') • dr', 
T(r) 

(12) 

where T (r) denotes that the integration is carried out 
over the actual t ra jectory of mot ion of the classical 
object and the end point of T (r) is r itself. The trajec-
tory T (r) is determined by the Hami l ton-Jacobi equa-
tion in (11). O n e can verify that for any value of Q, the 
function f satisfies the Schroedinger equat ion 

i h dV/dt = [( — ifi V)2/2 m + V] W. (13) 

The normalizat ion condi t ion for the q u a n t u m wave 
function f should be 

J«P*(r)«P(r)d3r = Q , (14) 

so that it is consistent with the idea of q u a n t u m frac-
tion in (7). Thus, ¥ / *(r ) • f / ( r ) d 3 r is the probability of 
finding the particle (nearby r) which behaves like a 
quantum particle {i.e., described by the Schroedinger 
equation). As a result, the probabilist ic na ture of a 
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particle will gradually fade away as its mass increases 
(i.e., C -* 1). Thus, in the q u a n t u m limit we have the 
usual wave function 

4>=<F, Q-> 1 , (15) 

O n the other hand , in the classical limit, C -» 1, the 
classical phase 

<PC = exp [ — iC S/Q h] (16) 

varies very rapidly, so that , if one calculates the ampli-
tude K (a, b) of a particle to go f rom (rfl, ta) to (rb, tb), 
only when a pa th and a nearby pa th all give the same 
phase (i.e., S does not vary) in the first approx imat ion , 
do we have a nonvanishing ampli tude. This pa th is the 
one given by the Hami l ton-Jacobi equat ion in (11). 
Thus, we have the deterministic behavior of a classical 
object. We stress that this deterministic behavior is the 
large mass limit of the generalized equat ion (11) ra ther 
than that of the Schroedinger equat ion. 

3. Local Phase Invariance and the Conservation Law 

It is interesting to note that the generalized basic 
equat ion of mot ion (11) for all microscopic, meso-
scopic and macroscopic objects turns out to be invari-
ant under a local phase t ransformat ion: Namely, the 
physics implied by (11) does not change when the 
general wave function <P and the Hamil ton ' s principal 
function S t ransform as follows: 

<P = <i>exp [ iZ(r , r)], 

S ^S' = S - Z ( r , t)hQ/C. (17) 

This phase invariance can also be seen in the general 
form of the solution (12) for <P in which Hami l ton ' s 
principal funct ion S appears only in the phase: 

(P_ e-iCS/Qh = e-iCS/Qh^ eiZ = e~iCS'/Qhy 

It can be shown that the probabi l i ty density <P * <P 
satisfies the following equat ion: 

d<P* 4>/dt+ \ • J = 0 , (18) 

J = {h/2im)(<P*\<P - <P\4>*) - (C/mQ)pc<P* <P . 

Note that the second term in J is related to the classi-
cal momen tum, and that <P*<P is normalized to Q 
rather than unity. We may remark that the current 
density J is consistent with (7) (and (27) below) and 
that it is not directly observable, so that the last extra 
term in J will not contradic t previous experiments. 
Also, the conservat ion law (18) is related to the phase 
invariant of the generalized equa t ion (11). 

4. Fuzzy Transitions from Quantum 
to Classical Mechanics 

The generalized equation of mot ion (11) implies 
new physical results for the mot ion of mesoscopic 
objects. Let us consider the double slit experiment. 
The solution for a free mesoscopic objects is 

(19) <*> = A exp \ - i (co - C EJh Q) t 

+ i k • r — (Cp c / f iQ) • j d r ' 
T (r) 

In this experiment, a coherent beam is separated into 
two parts by a double slit but b rought together again 
in an area called the "interference region". In this 
region, the wave function <Z> can be written as 

<t> = <P0 exp 

+ ^ o e x P 

-i(C/hQ) J Pc dr 
path 1 

-i(C/hQ) f Pc ' dr 
path 2 

(20) 

We have the closed line integral a long pa th 1 and than 
along pa th 2 in the opposite direction. Thus we have 

f p c - d r = $ ( V S ) - d r = f (V x \ S) • n d a = 0 , (21) 

where the last surface integral is over the area 
bounded by path 1 and path 2. Thus, there is no inter-
ference effect due to the phase related to Hami l ton ' s 
principal function S. Now suppose the intensity of 
the particle beam and the particle m o m e n t u m 
pQ = h k = p is fixed and one varies only the mass m of 
the particle in this experiment. We have the following 
results: 

(A) When Q = l, one has the usual interference pat-
tern on the screen with the intensity / . 

(B) When ß = 0, one has only two bright spots at a 
and b which correspond to the end points of clas-
sical trajectories passing th rough the two slits. 

(C) When Q = 1/2, one has the interference pat tern on 
the screen with roughly half of the intensity, 7/2, of 
that in the case (A). Also, there are two bright spots 
at a and b with half of the brightness of that in the 
case (B). 

Thus we have seen that there is a fuzzy transit ion 
between q u a n t u m and classical mechanics as the par-
ticle varies f rom very a small mass to a very large 
mass. 

If we consider a mesoscopic simple ha rmonic os-
cillator. The total energy for such a system turns out 
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to be 

EJn = Q(n+\/2)hco + Ckx2
mJ2. (22) 

When Q is not equal to unity, we have a non-integral 
energy gap. This can be tested by considering a meso-
scopic object moving in a s t rong magnetic field: In the 
presence of the electromagnetic four-potential (A0, A), 
the new Eq. (11) is changed by the following replace-
ments: 

ift0/0f -> ift9/0f — e A°/c , K ^ O , 
— i ft V - i ft V - e A / c , 

- dS/dt = ( P S ) 2 / 2 m -* (— dS/dt - e A°/c) 
= (VS-eA/c)2/2m. (23) 

Suppose the charged mesoscopic particle with a mass 
m is moving on the x-y plane with \ = {vx,vy, 0) and 
in a constant magnet ic field in the z direction. We take 
the potentials to be 

A° = 0 , A = (0, eBx/c,0). (24) 

As usual, we can write the Hamil tonian in the 
Schroedinger equat ion in the form of a simple har-
monic oscillator and obtain the energy spectrum 

QE„ = (n + \/2)QheB/mc. (25) 

Thus the true energy ET of the mesoscopic charged 
particle is 

ET = QEN + CEC = Q(n + \/2)heB/mc 

+ C m \ 2 / 2 , (26) 

where v is its classical velocity. It is hoped that this will 
be tested experimentally in the future. 

Finally, let us consider the scattering of a meso-
scopic object by a one-dimensional square potential 
barr ier with a height V0 and thickness a. Suppose A, 
B and T are ampli tudes of incident, reflected and 
t ransmit ted wave funct ions f ' s , respectively. Fo r the 
case 0 < E < V0 we have the following results: 

t ransmit ted coefficient = | T/A |2 , 
reflected coefficient = | B/A \2 + C , (27) 

where | B/A \2 + | T/A \2 = Q according to the nor-
malizat ion condi t ion (14)*. 

* Note added in proof: In the Sudarshan Workshop, 
Prof. Iwo Bialynicki-Birula informed the au thor that 
there is a precise measurements of Fresnel diffraction 
with slow neu t rons carried out by R. Gähler , A. G. 
Klein and A. Zeilinger, (Phys. Rev. A 23, 1611 (1981)) 
and that their result may be used to est imate the lower 
limit of the new mass scale M in the generalized equa-
tion of mot ion (11) for bo th microscopic and macro-
scopic objects. F r o m equat ions (11), (12) and (13), one 
can see that the Fresnel diffraction (by an absorbing 
straight-edge) in this theory is the same as that in 
convent ional q u a n t u m mechanics. There is no change 
in the distance between the abscissa of point P and 
that of the first max imum of the diffraction pat tern, 
where the point P cor responds to the edge of the 
geometrical shadow of the diffracting straight edge, 
i.e., its project ion upon the plane of observation. How-
ever, according to this theory, there is a discontinuity 
of intensity at point P, 

AI/I0 = C » m/M , (28) 

where we have used (9). The measurements of Gähler 
et al. do not lead to an estimate of M better than that 
in (4). However , if this type of experiment is carried out 
by using a heavy molecular beam, the new effect (28) 
will be larger and may be detected. Also, the interfer-
ometer experiment which measures fringe shifts would 
be a very sensitive test of this theory, provided that 
one can m a k e a neut ron beam and say, a molecular 
beam to p roduce the interference pat tern. Unfor tu -
nately, this is technically difficult at present. 
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same time), Klauder's continuous representation in 
Hilbert space is very useful for "realizable" physical states 
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coordinate x of a quantum particle becomes a fuzzy dy-
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A proposed experiment for testing fuzzy transitions: 
The Penning Trap. 

Baosen Zhou and Jong-P ing Hsu 
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There are var ious kinds of electromagnetic t raps 
which can store charged particles for a long time for 
doing experiment. Such devices are ideally suited for 
investigating rare particles or small objects in the 
mesoscopic world. P ro tons and ions are ubiquitous; 
however, mesoscopic objects are as rare as viruses. It 
is not easy to cap ture mesoscopic objects with masses 
in the range 1 0 _ 1 5 - 1 0 ~ 2 ° kg. In the physical world, it 
appears that very few natura l objects have masses in 
this range. 

Suppose we can catch a virus and c o m m a n d it to 
carry 0.01 million units of e lementary charge. Let us 
consider an experimental test of the fuzzy transi t ion 
propert ies of a charged virus moving in a constant 
magnet ic field. As shown in (26), the total mesoscopic 
energy ET consists of a con t inuous classical energy 
mv2/2 and a discrete q u a n t u m energy (n + \/2)hqB/ 
(m c): 

ET = Q(n+\/2)hqB/(mc) + Cmv2/2, (Al) 

where q and m are, respectively, charge and mass of 
the mesoscopic object. A feasible experiment is to use 
the Penning t rap to store a charged mesoscopic object 
for a long time and observe its energy. 

A charged mesoscopic object can be t rapped in a 
device which consists of a uni form magnetic field 
B = B0 z a long the z-axis and a quadrupo le electro-
static potential of the form [1] 

V(r, z) = — A0(r2 — 2 z2), A0> 0 , (A2) 

in cylindrical f rame. The equ ipment is immersed in a 
liquid-helium bath. The uniform magnetic field B can 
be generated by a superconduct ing solenoid, and the 
potential V (r, z) can be generated by two end caps 
and a ring electrode. 

namical variable and we have a new picture of "fuzzy 
point particle". See J. P. Hsu and S. Y. Pei, Phys. Rev. A 
37, 1406 (1988); J. P. Hsu and Chagam Whan, Phys. Rev. 
A 38, 2248 (1988); J. P. Hsu, Nuovo Cimento B 89, 14 
(1985); 80, 183 (1984). 

In this case, the classical kinetic energy of the meso-
scopic object moving with a velocity v is Ec = m v2/2. 
It can be shown that there are three independent clas-
sical motions: an axial oscillation a long the magnet ic 
field line, a circular drift across this field line a round 
the z-axis, and the familiar cyclotron mot ion a round 
the z-axis. The energy Ec can be shown to be deter-
mined by the ampli tudes, the frequencies, and the 
phases of these mot ions [2]. 

The discrete q u a n t u m energy is given by [3] 

EQ = hco'c(n + \/2) + hcoz(k + 1/2 )-hcom(s + 1/2); 

n,k,s = 0 , 1 , 2 , 3 , . . . , (A3) 

where the axial frequency coz, the magne t ron fre-
quency com and the modified cyclotron frequency oj'c 

are respectively given by 

co2 = (4\q\AJm)1'2, 
com = coJ2 - (col/4 - col/2)1'2 , 

= ojJ2 + (co2/4 - co2J2)1'2 , 
coc = \q\BJ(mc). (A4) 

The transit ion of energy of this mesoscopic object has 
two parts: 

SEC = ö(m v2/2) = cont inuous ; (A 5) 

ö EQ = hco'c(n — n') + h coz(k — k') — h a>m (s — s'); (A 6) 

which correspond to the discrete L a n d a u level transi-
tions in (A 1). 

Let us consider the order of magni tude of the cy-
clotron frequency involved in the experiment. F o r a 
pro ton with the mass mp moving in a magnet ic field 
B 0 = 1 Tesla = 104 Gauss , the cyclotron frequency is 

coc = 1.5 x 1 0 7 H z . (A 7) 

If a mesoscopic object has a mass m = 10 8 m p and 
carries a charge q = 104 e moving in the same mag-
netic field B, we have a cyclotron frequency 

cocm = 9.6 x 103 Hz . (A 8) 

Such a frequency of long waves can be measured. We 
may remark that the stability condit ion [2] 

c o c > 1.414 coz (A 9) 
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can be satisfied because the physical quanti t ies q, B0 

and A0 in the relations (A4) are adjustable. Fo r exam-
ple, suppose A0 is very small, 1 0 - 4 (statvolt/cm2), we 
obtain at. = 3.4 x 103 Hz from the first equat ion in 
(A4) for the same values of q and B0. 

We note that for mesoscopic objects with larger 
masses, ~ 1 0 - 1 6 kg, it becomes more difficult to sat-
isfy the stability condi t ion (A 9). In this case, the elec-
t rodynamic t rap invented by Wuerker, Shelton, and 
Langmuir is more convenient [4]. It depends upon 

finding electrode configurat ions which give sinu-
soidally time varying forces whose s trengths are pro-
port ional to the distance f rom a central origin. Such a 
t rap can be used to suspend any charged particle, 
charged dusts or electrons, in dynamics equil ibrium. 

If the fuzzy transit ion proper ty is detected, one can 
vary the mass of the mesoscopic object and measure 
the intensity of a specific frequency to test the mass-
dependence of the q u a n t u m and the classical coeffi-
cients Q and C. 

[1] H. G. Penning, Physica 3, 873 (1936); H. G. Dehmelt, 
Advances in Atomic and Molecular Physics (ed. D. R. 
Bates and I. Estermann, Ac. Press, New York 1967) 
Vol. 3, p. 53; ibid (Ac., New York 1969), Vol. 5, p. 109; D. J. 
Wineland, R. E. Drullinger, and F. L. Walls, Phys. Rev. 
Lett. 40, 1639 (1978). 

[2] W. M. Itano and D. J. Wineland, Phys. Rev. A 25, 35 
(1982). 

[3] A. A. Sokolov and Yu. G. Pavlenko, Opt. Spectrosc. 22, 
1 (1967). 

[4] R. F. Wuerker, H. Shelton, and R. V. Langmuir, J. Appl. 
Phys. 30, 342 (1959). 


